We study the J−holomorphic curves in the symplectization of the contact manifolds and prove that there exists at least one closed Reeb orbits in any closed contact manifold with any contact form by using the well-known Gromov's nonlinear Fredholm alternative for J−holomorphic curves. As a corollary, we give a complete proof on the well-known Weinstein conjecture in the symplectic geometry.
Introduction and results
A contact structure on a manifold is a field of a tangent hyperplanes (contact hyperplanes) that is nondegenerate at any point. Locally such a field is defined as the field of zeros of a 1−form λ, called a contact form. The nondegeneracy condition is dλ is nondegenerate on the hyperplanes on which λ vanishes; equivalently, in (2n − 1)−space:
The important example of contact manifold is the well-known projective cotangent bundles definded as follows:
Let N = T * M be the cotangent bundle of the smooth connected compact manifold M . N carries a canonical symplectic structure ω = −dλ where λ = n i=1 y i dx i is the Liouville form on N , see [4, 7, 19] . Let P = P T * M be the oriented projective cotangent bundle of M , i.e. P = ∪ x∈M P T * x M . It is well known that P carries a canonical contact structure induced by the Liouville form and the projection π : T * M → P T * M .
Let (Σ, λ) be a smooth closed oriented manifold of dimension 2n − 1 with a contact form λ. Associated to λ there are two important structures. First of all the so-called Reed vectorfield x = x λ defined by i X λ ≡ 1, i X dλ ≡ 0 and secondly the contact structure ξ = ξ λ → Σ given by ξ λ = ker(λ) ⊂ T Σ by a result of Gray, [12] , the contact structure is very stable. In fact, if (λ t ) t∈ [0, 1] is a smooth arc of contact forms inducing the arc of contact structures (ξ t ) t∈ [0, 1] , there exists a smooth arc (ψ t ) t∈ [0, 1] of diffeomorphisms with ψ 0 = Id, such that
here it is importment that Σ is compact. From (1.1) and the fact that Ψ 0 = Id it follows immediately that there exists a smooth family of maps [0, 1] × Σ → (0, ∞) : (t, m) → f t (m) such that
In contrast to the contact structure the dynamics of the Reeb vectorfield changes drastically under small perturbation and in general the flows associated to X t and X s for t = s will not be conjugated, see [4, 7, 8, 14] . Let M be a Riemann manifold with Riemann metric, then it is well known that there exists a canonical contact structure in the unit sphere of its tangent bundle and the motion of geodesic line lifts to a geodesic flow on the unit sphere bundles. Therefore the closed orbit of geodesic flow or Reeb flow on the sphere bundle projects to a closed geodesics in the Riemann manifolds, conversely the closed geodesic orbit lifts to a closed Reeb orbit. The classical work of Ljusternik and Fet states that every simply connected Riemannian manifold has at least one closed geodesics, this with the Cartan and Hadamard's results on non-symply closed Riemann manifold implies that any closed Riemann manifolds has a closed geodesics, i.e., the sphere bundle of a closed Riemann manifold with standard contact form carries at least one closed Reeb orbits which is a lift of closed geodesics of base manifold. Its proof depends on the classical minimax principle of Ljusternik and Schnirelman or minimalization of Hadamard and Cartan, [19] . In sympletic geometry, Gromov [13] introduces the global methods to proves the existences of symplectic fixed points or periodic orbits which depends on the nonlinear Fredholm alternative of J−holomorphic curves in the symplectic manifolds. In this paper we use the J−holomorphic curve's method to prove Theorem 1.1 Every closed contact manifold Σ with contact form λ carries at least one closed orbit.
As a corollary, we give a complete solution on the well-known Weinstein conjecture which states that every simply connected closed contact manifold with contact form has at least one closed Reeb orbit. Note that Viterbo [27] first proved the above result for any contact manifolds Σ of restricted type in R 2n after Rabinowitz [24] and Weinstein [28, 29] . After Viterbo's work many results were obtained in [10, 14, 16, 15, 20, 21] etc by using variational method or Gromov's nonlinear Fredholm alternative, see survey paper [6] . Through J−holomorphic curves, especially, Hofer in [14] proved the following first striking results. Therefore we get a new proof on the well-known Ljusternik-Fet Theorem without using the classical minimax principle. Theorem 1.3 (Cartan-Hadamard) Every non-symply closed Riemannian manifold has at least one closed geodesics.
Our method can not conclude that the geodesics is minimal.
Sketch of proofs:
We work in the framework as in [13, 22] . In Section 2, we study the linear Cauchy-Riemann operator and sketch some basic properties. In section 3, first we construct a Lagrangian submanifold W under the assumption that there does not exists closed Reeb orbit in (Σ, λ); second, we study the space D(V, W ) of disks in manifold V with boundary in Lagrangian submanifold W and construct a Fredholm section of tangent bundle of D(V, W ). In section 4, following [13, 22] , we prove that the Fredholm section is not proper by using a special anti-holomorphic section as in [13, 22] . In section 5, we give a characterization of the bubbling's point. In section 6, we generalize the Gromov's C 0 −convergence theorem to our case. In the final section, we use nonlinear Fredholm trick in [13, 22] to complete our proof. Note 1.1 The related problem with Weinstein conjecture(see [29] ) is Arnold chord conjecture(see [3] ) which was discussed in [1, 3, 11] and finally solved in [22] . The generalized Arnold conjecture corresponding to Theorem 1.1 was also solved in [23] . These results was reported in the Second International Conference on Nonlinear Analysis, 14-19 June 1999, Tianjin, China and First 3×3 CanadaChina Math Congress, Tsinghua University, Beijing, August 23-28,1999.
Linear Fredholm Theory
For 100 < k < ∞ consider the Hilbert space V k consisting of all maps
where the coordinates on D are (s, t) = s + it, D = {z||z| ≤ 1}. The following result is well known(see [30] ).
Proposition 2.1∂ : V p → L p is a surjective real linear Fredholm operator of index n. The kernel consists of the constant real valued maps.
Let (C n , σ = −Im(·, ·)) be the standard symplectic space. We consider a real n−dimensional plane R n ⊂ C n . It is called Lagrangian if the skew-scalar product of any two vectors of R n equals zero. For example, the plane p = 0 and q = 0 are Lagrangian subspaces. The manifold of all (nonoriented) Lagrangian subspaces of R 2n is called the Lagrangian-Grassmanian Λ(n). One can prove that the fundamental group of Λ(n) is free cyclic, i.e. π 1 (Λ(n)) = Z. Next assume (Γ(z)) z∈∂D is a smooth map associating to a point z ∈ ∂D a Lagrangian subspace Γ(z) of C n , i.e. (Γ(z)) z∈∂D defines a smooth curve α in the LagrangianGrassmanian manifold Λ(n). Since π 1 (Λ(n)) = Z, one have [α] = ke, we call integer k the Maslov index of curve α and denote it by m(Γ), see( [4, 30] ). Now let z : S 1 → R n ⊂ C n be a smooth curve. Then it defines a constant loop α in Lagrangian-Grassmanian manifold Λ(n). This loop defines the Maslov index m(α) of the map z which is easily seen to be zero. Now Let (V, ω) be a symplectic manifold and W ⊂ V a closed Lagrangian submanifold. Let u : D 2 → V be a smooth map homotopic to constant map with boundary ∂D ⊂ W . Then u * T V is a symplectic vector bundle and (u| ∂D ) * T W be a Lagrangian subbundle in u * T V . Since u is contractible, we can take a trivialization of u
Proof. Since u is contractible in V relative to W , we have a homotopy Φ s of trivializations such that
So, the homotopy induces a homotopyh in Lagrangian-Grassmanian manifold. Note that m(h(0, ·)) = 0. By the homotopy invariance of Maslov index, we know that m(u| ∂D ) = 0.
Consider the partial differential equation
For 100 < k < ∞ consider the Banach spaceV k consisting of all maps
where D as in (2.1).
Proposition 2.2∂ :V p → L p is a real linear Fredholm operator of index n.
3 Nonlinear Fredholm Theory
Constructions of Lagrangian submanifolds
Let (Σ, λ) be a contact manifolds with contact form λ and X its Reeb vector field, then X integrates to a Reeb flow η t for t ∈ R 1 . Consider the form d(e a λ) at the point (a, σ) on the manifold (R × Σ), then one can check that d(e a λ) is a symplectic form on R × Σ. Moreover One can check that
So, the symplectization of Reeb vector field X is the Hamilton vector field of e a with respect to the symplectic form d(e a λ). Therefore the Reeb flow lifts to the Hamilton flow h s on R × Σ(see [4, 7, 8] ).
and
Lemma 3.1 There does not exist any Reeb closed orbit in (Σ, λ) if and only if
Proof. Obvious.
Lemma 3.2
If there does not exist any closed Reeb orbit in (Σ, λ) then there exists a smooth embedding
is a regular Lagrangian embedding for any finite positive K.
Proof. One check
since η * s λ = λ. This implies that G ′ is a Lagrangian embedding, this proves Lemma 3.2.
In fact the above proof checks that
Now we construct an isotopy of Lagrangian embeddings as follows: 
It is obvious that F ′ t is an embedding. We check
which shows that F ′ t is a Lagrangian embedding for fixed t. Moreover for fixed t,
which shows that F ′ t is an exact Lagrangian embedding, this proves Lemma3.3. Now we take c(s, t) = e −s 2 +t which satisfies the assumption in Lemma 3.3, then
and compute 
be the pull-back of the forml
) and assume without loss of generality Φ vanishes on
where Φ − and Φ + are the lower and the upper bound of the fuction Φ correspondingly, such that (i) The pull-back under α of the form dx ∧ dy on
and α is injective on
Proposition 3.1 Let V ′ , W ′ and F ′ as above. Then there exists an exact Lagrangian embedding F :
Proof. Similar to [13, 2.3B
Formulation of Hilbert manifolds
Let (Σ, λ) be a closed (2n − 1)− dimensional manifold with a contact form λ. Let SΣ = R × Σ and put ξ = ker(λ). Then dλ is a symplectic structure for the vector bundle ξ → Σ. We choose a complex structure J ξ for ξ such that
is a metric for ξ → Σ. As in [14] we define an almost complex structure J λ on SΣ by
π : T Σ → ξ is the bundle projection along RX → Σ and X the Reeb vectorfield associated to λ. One can easily check that J λ is tamed by the symplectic form d(e a λ).
We define a metric g λ on SΣ = R × Σ by
which is adapted to J λ and d(e a λ) but not complete.
In the following we denote by (
induced by ω(·, J·)(J = J ′ ⊕i = J λ ⊖J λ ⊕i and W ⊂ V a Lagrangian submanifold which was constructed in section 3.1.
Let
.e f or x ∈ ∂D and u(1) = p} for k ≥ 100.
.e f or x ∈ ∂D and u(1) = p} is a pseudo-Hilbert manifold with the tangent bundle
here
is in general complete, however it is enough for our purpose.
Proof: See [5, 13] .
Now we construct a nonlinear Fredholm operator from
be the Cauchy-Riemmann Section induced by the Cauchy-Riemann operator, locally,
where E is a Hilbert Space. Then the Cauchy-Riemann section∂ on
In the following, we still denote Φ •∂ by∂ for convenience. Now we define Proof. According to the definition of the nonlinear Fredholm operator, we need to prove that u ∈ D k (V, W, p), the linearization DF (u) of F at u is a linear Fredholm operator. Note that
here A(u) is 2n × 2n matrix induced by the torsion of almost complex structure, see [5, 13] for the computation.
Observe that the linearization DF (u) of F at u is equivalent to the following Lagrangian boundary value problem
One can check that (3.20) defines a linear Fredholm operator. In fact, by proposition 2.2 and Lemma 2.1, since the operator A(u) is a compact, we know that the operator F is a nonlinear Fredholm operator of the index zero.
is called the Fredholm degree of a nonlinear proper Fredholm operator(see [13, 26] ).
Theorem 3.2 Assum that the nonlinear Fredholm operator
Proof: We assume that u : D → V be a J−holomorphic disk with boundary u(∂D) ⊂ W . Since almost complex structure J tamed by the symplectic form ω, by stokes formula, we conclude u : D 2 → w is a constant map. Because u(1) = p, We know that F −1 (0) = p. Next we show that the linearizatioon DF (p) of F at p is an isomorphism from T p D(V, W, p) to E. This is equivalent to solve the equations
By Lemma 2.1, we know that DF (p) is an isomorphism. Therefore deg(F, 0) = 1.
Proof. Using the connectedness of E and the homotopy invariance of deg.
Non-properness of Fredholm operator
We shall prove in this section that the operator F : D → E constructed in the above section is non proper along the line in [5, 13, 22] .
Anti-holomorphic section
Now let c ∈ C be a non-zero vector. We consider the equations
here v homotopic to constant map {p} relative to W . Note that W ⊂ V ×B R (0).
Lemma 4.1 Let v be the solutions of (4.1), then one has the following estimates
Note that the metric g is adapted to the symplectic form ω and J, i.e.,
By the simple algebraic computation, we have
By the equations (4.1), one get∂
We have
here h(z) is a holomorphic function on D. Note that f (z) is smooth up to the boundary ∂D, then, by Cauchy integral formula
So, we have
Therefore,
This finishes the proof of Lemma.
Proposition 4.1 For |c| ≥ 3R, then the equations (4.1) has no solutions.
Proof. By (4.11), we have
It follows that c = 3R can not be obtained by any solutions.
Modification of section c
Note that the section c is not a section of the Hilbert bundle in section 3 since c is not tangent to the Lagrangian submanifold W , we must modify it as follows: Let c as in section 4.1, we define
Then by using the cut off function ϕ h (z) and its convolution with section c χ,δ , we obtain a smooth section c δ satisfying
for h small enough, for the convolution theory see [17] . Now let c ∈ C be a non-zero vector and c δ the induced anti-holomorphic section. We consider the equations
Then by repeating the same argument as section 4.1., we obtain Lemma 4.2 Let v be the solutions of (4.16) and δ small enough, then one has the following estimates
and Proposition 4.2 For |c| ≥ 3R, then the equations (4.16) has no solutions.
Proof. If F is proper, taking a path γ(µ) connecting 0 and c, then
Note that v(1) = p, the above bounds imply
for K large enough which only depends on c 1 . Since
Bubbling Analysis
In this section, we develope Sacks-Uhlenbeck-Gromov's scaling trick [9, 13, 25] to analysis the bubbling points in detail and obtain a characterization of bubbling points. It seems that the results and methods are also useful for Yamabe's problem, harmonic map and minimal surfaces, we will discuss it in another papers. ((a, u 1 ), (b, u 2 ), f ) be the solutions of equations(4.16) then |a|, |b| ≤ c 0 for a constant c 0 = sup s,t e −s 2 +t = e. Moreover (a, u 1 ) or (b, u 2 ) is a graph of the Reeb orbit from (e, σ 0 ).
Lemma 5.1 Let

Proof. Since v : D
2 → V is contractible relative to the Lagrangian submanifolds W and v = ((a, u 1 ), (b, u 2 ), f ) by the construction of W , we know (u 1 , u 2 ) :
Since (a, u 1 )((b, u 2 )) is J λ (−J λ )−holomorphic, one computes as in [14] πu 1s + πu 1t = 0 u *
on the interior of D, so
Similarly for b. By the maximum principle, we know that a, b is bounded by e since the corresponding components of W is bounded by c 0 . By the (5.3), we know that u 1 , u 2 : D → Σ lies in the Reeb orbit from the initial point σ 0 . this proves Lemma5.1.
Now let c ∈ C be a non-zero vector and c δ the induced anti-holomorphic section. We consider the nonlinear inhomogeneous equations (4.16) and transform it intoJ−holomorphic map by considering its graph as in [5, 13] .
Denote by Y 
and the structure J δ |z × V equals the original structure on V = z × V .
So, we only consider the J−holomorphic curves in the following discussion. 
The following theorem gives a precise characterization of the bubbling's point, i.e., bubble must happen at the point on which the gradients of solutions goes to infinity. This result seems new which strengthing the well known results due to [9, 13, 25] . 
One easily see that
a. If r k → inf ty for k → inf ty, As in [25] , we definẽ
In view of standard bootstrap argument(see [9, 13, 25] ), we may assume after perhaps taking a subsequence thatṽ k →w in C ∞ loc . Hence we find
Then we obtain one bubble, i.e., J−holomorphic plane.
b. Now we may assume after taking a subsequence
As in case(a), we define
Again, in view of the standard argument in [9, 13, 25] , we may assume after perhaps taking a subsequence thatṽ k →ṽ in H ∞ loc . Hence we find
Thus, we obtain a J−holomorphic half bubble at point z 0 . Now we states the well known Gromov's removal singularity for J−holomorphic curves(see [5, 13] ), similar results for harmonic map without boundary obtained by Sacks-Uhlenbeck in [25] .
Proposition 5.1 Let V, J, g as section 3. Every J−holomorphic map f : D \ {0} → V of finite area whose image contained in the compact part of V extends to a J−holomorphic map of disc to V .
The following result directly generalizes well-known Gromov's boundary removal singularity for J−holomorphic map with boundary in a closed Lagrangian submanifold to non-compact one under the assumption. In general case, we do not know whether or not similar result holds. For our purpose, it is enough. 
−Convergence Theorem
We now recall that the well-known Gromov's compactness theorem for cusp's curves for the compact symplectic manifolds with closed Lagrangian submanifolds in it. For reader's convenience, we first recall the "weak-convergence" for closed curves, for more detail see [5, 18, 13] .
Cusp-curves. Take a system of disjoint simple closed curves γ i in a closed surface S for i = 1, ..., k, and denote by S 0 the surface obtained from S \ ∪ k i=1 γ i . Denote byS the space obtained from S by shrinking every γ i to a single point and observe the obvious map α : S 0 →S gluing pairs of points s
) ∈S are singular (or cuspidal) points inS(see [13] ). An almost complex structure inS by definition is that in S 0 . A continuous
Weak convergence. A sequence of closed J−curves C j ⊂ V is said to weakly converge to a cusp-curveC ⊂ V if the following four conditions are satisfied (i) all curves C j are parametrized by a fixed surface S whose almost complex structure depends on j, say C j = f j (S) for some holomorphic maps
(ii) There are disjoint simple closed curves γ i ∈ S, i = 1, ..., k, such that C =f (S) for a mapf :S → V which is holomorphic for some almost complex structureJ onS.
(iii) The structures J j uniformly C ∞ −converge toJ on compact subsets
where µ is a Riemannian metric in V and where the area is counted with the geometric multiplicity(see [13] ).
Gromov's Compactness theorem for closed curves. Let C j be a sequence of closed J−curves of a fixed genus in a compact manifold (V, J, µ). If the areas of C j are uniformly bounded, Area µ ≤ A, j = 1, .., then some subsequence weakly converges to a cusp-curveC in V .
Cusp-curves with boundary. Let T be a compact complex manifold with boundary of dimension 1(i.e., it has an atlas of holomorphic charts onto open subsets of C or of a closed half plane). Its double is a compact Riemann surface S with a natureal anti-holomorphic involution τ which exchanges T and S \ T while fixing the boundary ∂T . IFf : T → V is a continous map, holomorphic in the interior of T , it is convenient to extend f to S by
Take a totally real submanifold W ⊂ (V, J) and consider compact holomorphic curves C ⊂ V with boundaries, (C, ∂C) ⊂ (V, W ), which are, topologically speaking, obtained by shrinking to points some (short) closed loops in C and also some (short) segments in C between boundary points. This is seen by looking on the double C ∪ ∂C C.
Gromov's Compactness theorem for curves with boundary. Let V be a closed Riemannian manifold, W a totally real closed submanifold of V . Let C j be a sequence of J−curves with boundary in W of a fixed genus in a compact manifold (V, J, µ). If the areas of C j are uniformly bounded,
then some subsequence weakly converges to a cusp-curveC in V .
The proofs of Gromov's compactness theorem can found in [5, 13] . In our case the Lagrangian submanifold W is not compact, Gromov's compactness theorem can not be applied directly but its proof is still effective since the W has the bounded geometry. In the following we modify Gromov's proof to prove the C 0 −compactness theorem in our case.
The main tools, Gromov's Schwartz Lemma is needed in the following form(see [5, 13] ). Proposition 6.1 Let (V, J, µ) and W ⊂ V be as in section 4 and
the compact set defined as in section 5. There exist constants ε 0 (depending only on the C 0 − norm of µ and on the C α norm of J) and C(depending only on the C 0 norm of µ and on the C k+α norm of J) such that every J−holomorphic map of the unit disc to an ε 0 -ball of V with center in V K has its derivatives up to order k + 1 + α on D 1 2 (0) near the origin bounded by C.
Proof. Let r 0 be the Darboux radius, i.e., the smallest number such that B r0 (x) is a Darboux chart with center x ∈ V K . Let ε 0 = 1 8 r 0 , then the conclusion in the theorem holds. Otherwise we assume the contrary there exists a sequence v n : D 2 → B ε0 (x 0 ) and z n such that
As in section 5, we obtain a J−holomorphic plane whose image contained in B ε0 , By Gromov's removal boundary singularity, we get holomorphic mapw : S 2 → V , by Stokes theorem,w is a constant which contradicts that |∇w(0)| = 1. This proves Proposition 6.1.
For the different proof of Proposition 6.1 based on geometric argument, see [5, 13, 18] . Now we consider the Gromov's Schwartz Lemma for J−holomorphic map with boundary in a totally real submanifold which generalize the work in [5, 13, 18] for W is compact to non-compact case. The principle of our proof is the use of localization repeatedly. 
Moreover the Lagrangian submanifold W intersects B 8ε0 (x 0 ) infinitely times and its intersection W ∩ B 8ε0 (x 0 ) has infinitetly components, each one is a regular submanifold. Furthermore, each component has not boundary in B 4ε0 (x 0 ). By the assumption that v n (∂D + ) ⊂ B ε0 (x 0 ), we consider two cases:
(1). If v n (∂D + ) ly in only finitely components of W ∩ B 8ε0 (x 0 ), then as in section 5, then we obtain one bubble, i.e., J−holomorphic half-plane which is contained in B ε0 (x 0 ) with boundary in W . Then by Gromov's boundary removal singularity, we get a half-bubble in B ε0 (x 0 ) with boundary in W but W is an exact Lagrangian submanifold, this is a contradiction. ((a 1 , σ 1 ), (b 1 , σ 2 ), c 0 )) is at least s 0 > 0, i.e., there exists a number s 1 such that
One can check it by using the Darboux chart and the property of Reeb's orbit. So there exists a sequences k n → ∞ and s
we get a kn (∂D) ⊂ exp(−|s
So, after taking subsequence, we have a n (∂D) → 0, b n (∂D) → 0 for n → ∞. As section 5, we know that u ikn (D) lies in the Reeb lines contained in B r1 (σ i ), by Darboux's theorem, we can assume that
and L ′ n ⊂ (R×Σ)×(R×Σ) a sequence of Lagrangian submanifolds C ∞ −converge to L, by restriction of the Gromov's twist in section 3 to each L ′ n (note that by our construction everything depends only on the Reeb lines initiates from the diagonal of Σ×Σ), we get L n and know thatL n C ∞ −converge to L ′ ×l ∈ V ′ ×C, here l is smooth interval in the figure eight in C with length smaller than r 1 . By again the bubbling's analysis as section 5, we have a bubble v : H → V which is J−holomorphic with H |∇v| 2 dσ ≤ 4πR 2 and |∇v(0)| = 1. As again in the proof of Lemma 5.1 we know that ∆a = 0, ∆b = 0 on Int(H), and a, b| ∂H = 0.
So, the first two components (a, u), (b, u) is a constant and the third f with boundary in the figure eight in C, by our choice of r 2 and r 0 , we know that f : H → C with f (∂H) lies in a Lagrangian submanifold in C which is a small piece of the figure eight. By the removal singularity, we know that f extends to a holomorphic disk with boundary in a smooth line in C, by the Stokes formula, we know that f is a constant which contradicts it is a bubble. Now we state the C 0 −convergence theorem in our case.
Theorem 6.1 Let (V, J, ω, µ) and W as in section4. Let C j be a sequence of
with v j : ∂D → ∂D × W and v j (1) = (1, p) ∈ ∂D × W constructed from the solutions of (4.16). Then the areas of C j are uniformly bounded,
and some subsequence weakly converges to a cusp-sectionC inV (see [5, 13] ).
Proof. We follow the proofs in [5, 18, 13] . Write v j = (id, ((a j , u 1j ), (b j , u 2j ), f j )) then |a j | ≤ a 0 by the Lemma 5.1. Similarly |f j | ≤ R 1 by using the fact f j (∂D) is bounded in B R1 (0) and D |∇f j | ≤ 4πR 2 via monotone inequality for minimal surfaces. So, we assume that v j (D) ⊂ V K for a compact set V K .
1. Removal of a net. InV = D × V , let us choose a maximal system of disjoint ε 0 −balls inV with cencter on v(S). Let F be the set of centers. Since D × V K is compact, thus the number of points in F is bounded by a constant N that depends only on the V K and ε 0 . Since F is maximal, every point of v(S) lies at a distance(inV ) at most 2ε 0 from a point of F . Next we want to bound the diameter of discs contained in v(S) \ F . The trick is construct annuli with large modulus as in [5, 13] .
2. Annuli. Let A be an annulus contained in v(S) \ F , whose boundary components have lenghth at most ε 0 . Then the diameter of A is less than 12ε 0 . Indeed, every point of A lies a distance at most 2ε 0 of the boundary(by the construction of F ), and, for same reason, the boundary components lie at most 4ε 0 apart. We choose to give S \ (F ) the unique complete conformal metric µ * with curvature −1. by Lemma 3.2.2 in [5, chVIII] , one know that there exists a constant ρ depending only on ε 0 and on the area v(S), such that every geodesic disc of radius ρ in the metric µ * is contained in annus A, whose boundary components have length at most ε 0 . Along with step1 and Gromov-Schwartz lemma, we get diameterv(A) ≤ 12ε 0 .
So, we conclude that for all z ∈ S \ v −1 (F ), one has
for more detail see [5, 18, 13] . 3. Convergence of metrics. Again, we are given a sequence v j : S j → (V , µ) of holomorphic curves with bounded area and genus. on each of them, a finite set F j is removed and a metric µ * j is chosen in order that the maps v j are uniformly Lipschitz bounded by constant L 0 which does not depend on j by step2.
Next by the well known properties of hyperbolic surfaces(see [5, 13, 18] ) there is a subsequence, the metrics µ * j can be viewed as smoothly convergent metrics on larger and larger subsets of a fixed surface S which is diffeomorphic to the complement of finitely many "nodes" in a compact surfaceS. The maps v j are then uniformly Lipschitz maps on these subsets. A subsequence converges locally to a holomorphic map v defined on S.
4.
Convergence of area. According to the properties of hyperbolic surfaces(see [5, 18, 13] ), the metrics µ * j converge smoothly away from sets of smaller and smaller area. Since v j are uniformly Lipschitz, their Jacobians are bounded in metrics µ * j and so area(v(S)) = lim j→∞ (v j (S j )).
5.C 0 −convergence. Near the nodes ofS, by the properties of hyperbolic metric µ * onS, the neighbourhoods of nodes are corresponding to the annulis or bands(or half annulis) of the geodesic cycles or geodesic line with extreme point in ∂S j for the (S j , µ * j ). By the reparametrization of v j , calledv j which is defined on S and extends the maps v j : S → S j → V (see [5, 18] ). Now let {z i |i = 1, ..., n} be the nodes ofS. If z i∈ ∂S, then the arguments in [5, 18] yield the C 0 −convergece near z i . Next we assume that z 0 is a boundary node point, consider the neighbourhood near z 0 , i.e., with B 0i homomorphic to D 0i . For our purpose, we can assume that B has area small enough. Since v j is uniformly Lipschitz in µ * j and outside of B 0i , µ j → µ, we know that area(v j (B 0i )) ≤ A 0 with A 0 small enough by using the domain D j of curves C j has uniform bounds of areas which depends only on Euler number of D j (see [13, 5, 18] ). Again by the uniformility of ∇v j and the property of hyperbolic surfaces we know that the length of the boundary components of annuli is uniformly bounded by ε 0 if the annuli is very close to the geodesics γ j . By the steps 1-3, we know that the diameter of the annuli is uniformly bounded by 12ε 0 for j large enough. Writev j = ((a j , u 1j ), (b j , u 2j ), f j ) by results of section 5, we know that u kj (B 0i ), k = 1, 2 lies in a Reeb orbit originates from σ 0 . By the above discussion we know that the diameter of u j (B 0i ) is smaller than 12ε 0 , i.e., u j (B 0i ) is contained in a Darboux chart of the contact manifold (Σ, λ). After taking a subsequence, we may assume that u j (B 0i ) is contained in a fixed Darboux chart U (σ). Note that all disks through a fixed point p in W , if p does not correspond to the nodes inS, then we assume that one component C 0 of limiting curves through the point p and the end of C 0 is just B 01 . By the reparametrization of v j , we assume thatv j : D → V converge on D 0 \ B 01 to C 0 uniformly in C ∞ . So dist W (p, v j (B 01 )) ≤ d 1 .
So,
This implies that the boundary of endv j (B 01 ) lies in a compact part of the Lagrangian W , then we deduce thev j (∂B 02 ) remains a compact part of W . Then as in [5, 13, 18] , by the monotone inequality of J−holomorphic curves yields the C 0 −convergence at the node z 0 . Again by considering the part of limiting curves which through the pointsv(z 0 ) we get the C 0 −convergence in z 1 ,..., etc. After finite steps, we proved the C 0 −convergence.
Existences of Reeb chords
Proof of Theorem 1.1. If (Σ, λ) has not closed Reeb orbit, then we can construct a Lagrangian submanifold W in V = V ′ × C, see section 3. Then as in [5, 13, 22] , we construct an anti-holomorphic section c and for large vector c ∈ C we know that the nonlinear Fredholm operator or Cauchy-Riemann operator has no solution, this implies that the operator is non-proper, see section 4. The nonproperness of the operator and the generalized Gromov's compactness theorem in section 6 implies the existences of the cusp-curves. So, we must have the J−holomorphic sphere or J−holomorphic disk with bounadry in W . Since the symplectic manifold V is an exact symplectic mainifold and W is an exact Lagrangian submanifold in V , by Stokes formula, we know that the possibility of J−holomorphic sphere or disk elimitated. So our priori assumption does not holds which implies the contact maifold (Σ, λ) has at least closed Reeb orbit. This finishes the proof of Theorem 1.1.
